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Abstract
We investigate the scalar-torsion mode in a cosmological model of the Poincare´ gauge theory of
gravity. We treat the geometric effect of torsion as an effective quantity, which behaves like dark
energy, and study the effective equation of state (EoS) of the model. We concentrate on two cases
with the constant curvature solution and positive kinetic energy, respectively. In the former, we
find that the torsion EoS has different values in the various stages of the universe. In particular, it
behaves like the radiation (matter) EoS of wr = 1/3 (wm = 0) in the radiation (matter) dominant
epoch, while in the late time the torsion density is supportive for the accelerating universe. In the
latter, our numerical analysis shows that in general the EoS has an asymptotic behavior in the
high redshift regime, while it could cross the phantom divide line in the low redshift regime.
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I. INTRODUCTION
Recent cosmological observations [1–5] have demonstrated that our universe is undergoing
the phase of an accelerating expansion. Although general relativity (GR) developed in the
last century has been successful in many ways of explaining various experimental results in
gravity, the nature of the accelerating universe now rises as a small cloud shrouding it. We
thereby look for a more general theory that comprises GR yet able to solve the accelerating
problem referred to as dark energy [6]. By virtue of the local gauge principle, one leads
to incorporate Poincare´ group as gauge group of a principal bundle, such that the local
Lorentz symmetry of the spacetime is preserved [7]. An attempt is to release torsion from
a connection, rather than the Levi-Civita connection in the standard GR, which also acts
as a dynamical field like metric tensor. Such spacetime is usually called Riemann-Cartan
manifold. The gauge theory based on this manifold, is known as Poincare´ gauge theory
(PGT) [8–11].
It has been investigated in [10, 12] that there are six modes by the decomposition of the
connection according to torsion tensor in the linearlized theory, classified as 0±, 1± and 2±
in terms of spins and parities. Among them, the 0+ mode [13], also called the scalar-torsion
mode, does not directly interact with any known fundamental source [14]. Along with the
property induced by the nonlinear equation set, this 0+ mode is our main concern. In [14],
Shie, Nester and Yo (SNY) have examined models with the spin 0+ mode in PGT to achieve
the late time accelerating expansion of the universe. In other words, the geometric effect of
torsion is treated as an effective dark energy. In particular, they have presented two cases
with the solutions of a constant curvature and positive kinetic energy, respectively. The
first case is an extremely simple solution existing inside the system of differential equations
formed by the spin 0+ mode, which provides a modeling for the late time de Sitter universe
for dark energy. Note that this simple solution violates the positivity argument [14]. The
second one is referred to as the normal case, which conforms with the regular positivity
condition, but it gives rise to no obvious analytic solution. Torsion cosmology related to
the scalar-torsion mode has been also explored in [15–23]. In this work, we concentrate
on these two cases and present numerical solutions of the late-time acceleration behavior
corresponding to the equation of state (EoS), defined by w = p/ρ, where ρ and p are the
energy density and pressure of the relevant component of the universe, respectively.
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This paper is organized as follows: In Sec. II, we review the scalar-torsion of the spin
0+ mode in PGT and give equations of motion for cosmology. In Sec. III, we show our
numerical results on the cosmological evolutions for the scalar-torsion mode. We present
our conclusions in Sec. IV.
II. SCALAR-TORSION MODE IN POINCARE´ GAUGE THEORY
A. Lagrangian for the scalar-torsion mode
PGT of gravity starts with a Lagrangian 4-form on U4-spacetime:
L(g, ϑ,Γ) = LG + LM , (1)
where {ϑi} is a set of the orthonormal dual basis, Γj
i is the connection 1-form with respect
to {ϑi}, LM is the matter Lagrangian, and LG is the gravitational Lagrangian that can be
made up by certain combinations. In [14], SNY studied the spin 0+ mode, given by [14, 24]
LG =
a0
2
Rη +
b
24
R2η +
a1
8
(
(1)T i ∧ ⋆(1)Ti
)
, (2)
where ⋆ is the Hodge dual map, η is the volume 4-form of the space-time and (J)T i with
J = 1, 2, 3 are the irreducible pieces of the torsion 2-form T i = dϑi+Γj
i∧ϑj , defined by [11]
(1)T i = T i − (2)T i − (3)T i, (2)T i =
1
3
ϑi ∧ (iejT
j), (3)T i =
1
3
⋆
(
ϑi ∧ ⋆(T j ∧ ϑj)
)
.
The coefficients of LG in (2) are constrained by the positivity argument [14] such that
a1 > 0, b > 0. (3)
The independent variation of (1) with respect to (gij, ϑ
i,Γj
i) yields [25]
δLG =
1
2
Kij δgij + Ei ∧ δϑ
i + Ei
j ∧ δΓj
i + an exact form, (4)
δLM =
1
2
T ij δgij + ti ∧ δϑ
i + si
j ∧ δΓj
i + an exact form, (5)
where the gauge field momenta are given by
Kij = 2
δLG
δgij
, Ei =
δLG
δϑi
, Ei
j =
δLG
δΓji
, (6)
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and the source terms are defined by
T ij = 2
δLM
δgij
, ti =
δLM
δϑi
, si
j =
δLM
δΓji
, (7)
corresponding to the symmetric energy-momentum tensor-valued 4-form, asymmetric vector-
valued 3-form usually called canonical energy-momentum tensor, and tensor-valued 3-form
known as canonical spin angular momentum tensor, respectively. One can also write the
decompositions into the basis of Ω(M) [24, 25]:
ti = Tik η
k, sij = Sijk η
k, (8)
where ηk := ⋆ ϑk. The equations of motion are given symbolically as
Ei = −ti, Eij = −sij . (9)
B. Equations of motion for cosmology
We shall describe our universe with the FLRW cosmology, which is homogeneous and
isotropic with the metric
ds2 = −dt2 + a2(t)
(
dr2
1− kr2
+ r2dΩ2
)
, (10)
where k is the constant curvature. For simplicity, we shall only consider the flat universe
with k = 0.
For (2) of the SNY model in the FRLW cosmology with no spin source (Sijk ≡ 0), the
main field equation (9) leads to [14]
H˙ =
µ
6a1
R +
1
6a1
T − 2H2, (11)
Φ˙(t) =
a0
2a1
R +
T
2a1
− 3HΦ+
1
3
Φ2, (12)
R˙ = −
2
3
(
R +
6µ
b
)
Φ, (13)
where µ = a1+a0, H = a˙(t)/a(t), and Φ(t) = Tt, which is the time component of the torsion
trace, defined by Ti = Tij
j. Here, R in (11)-(13) denotes the affine curvature with respect
to the curvature 2-form Ωi
j, given by
Ωi
j = dΓi
j + Γk
j ∧ Γi
k =
1
2
Rj ikl ϑ
k ∧ ϑl. (14)
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Hence, one obtains the relation
R = R¯ + 2
∂T j
∂xj
−
2
3
TkT
k , (15)
where R¯ = 6(H˙ + 2H2) represents the curvature of the Levi-Civita connection induced by
(10). The energy-momentum tensor Tij is defined as (8) and T stands for the trace Ti
i.
Explicitly, one has
Ttt = ρM =
b
18
(
R +
6µ
b
)
(3H − Φ)2 −
b
24
R2 − 3a1H
2,
T = 3pM − ρM .
(16)
with the subscript M representing the ordinary matter including both dust and radiation.
To see the geometric effect of torsion, we can write down the Friedmann equations as
H2 =
ρc
3a0
, ρc = ρM + ρT ,
H˙ = −
ρc + ptot
2a0
, ptot = pM + pT , (17)
with a0 = (8πG)
−1 in GR, where ρc and ptot denote the critical energy density and total
pressure of the universe, while ρT and pT correspond to the energy density and pressure of
some effective field, respectively. By comparing the equation of motion of the scalar-torsion
mode in PGT (16) to the Friedmann equations (17), one obtains
ρT = 3µH
2 −
b
18
(
R +
6µ
b
)
(3H − Φ)2 +
b
24
R2,
pT =
1
3
(
µ(R− R¯) + ρT
)
, (18)
which will be regarded as the effective torsion dark energy density and pressure, respectively.
From (17), we get the continuity equation,
ρ˙c + 3H (ρc + ptot) = 0, (19)
which can also be derived by applying the identity
∇¯jG¯
ij = ∇¯j
(
R¯ij −
1
2
R¯gij
)
= ∇¯j
(
T
ij + T ijT
)
= 0,
where ∇¯ is the covariant derivative with respect to the Levi-Civita connection and T iT j =
diag (−ρT , pT , pT , pT ) is the effective energy-momentum tensor of torsion dark energy.
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In addition, from (11) - (13), one can check that the continuity equation for the torsion
field is also valid, i.e.
ρ˙T + 3H (ρT + pT ) = 0. (20)
Consequently, we obtain the continuity equation for the ordinary matter to be
ρ˙M + 3H (ρM + pM) = 0. (21)
By assuming no coupling between radiation and dust, the matter densities of radiation (wr =
1/3) and dust (wm = 0) in scalar-torsion cosmology share the same evolution behaviors as
GR, i.e. ρr ∝ a
−4 and ρm ∝ a
−3, respectively. In order to investigate the cosmological
evolution, it is natural to define the total EoS by [6]
wtot = −1 −
2H˙
3H2
=
ptot
ρc
, (22)
which leads to
wtot = ΩMwM + ΩTwT , (23)
where Ωα = ρα/ρc and wα = pα/ρα with α = M,T , representing the energy density ratios
and EoSs of matter and torsion, respectively. Note that the EoS in (23), which is commonly
used in the literature, e.g. [6], can be examined by cosmological observations in [1–5]. In
particular, it can be used to distinguish the modified gravity theories from ΛCDM [6].
Consequently, the evolution of the torsion dark energy can be described in terms of solely
wT by
ρT (z) = ρ
(0)
T exp
{
3
ˆ z
0
dz′
1 + wT (z
′)
1 + z′
}
. (24)
In the following section, we shall focus on this important quantity.
III. NUMERICAL RESULTS OF TORSION COSMOLOGY
The evolution of torsion cosmology is determined by (11) - (13). In general, one needs to
solve the dynamics of R, Φ and H by the system of ordinary differential equations. However,
one easily sees that in (13) there exists a special case, in which the constant scalar affine
curvature R = −6µ/b is a possible solution [14]. Recall that in order to conform with the
positive kinetic energy argument, the condition (3) is needed. However, since the special
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case yields the negative curvature R = −6µ/b < 0 with a negative matter density ρ < 0,
the condition of a1 < −a0 < 0 is required [14].
In this section, we concentrate on the EoS of the scalar-torsion mode in both special and
normal cases. We also present the cosmological evolution of the density ratio, defined by
Ω = ρ/ρc, from a high redshift to the current stage.
A. Special Case: R = const.
In this special case, we take the assumptions of a1, µ < 0 and a0 > 0 in [14]. The evolution
equations (11) - (13) reduce to
ρM = −3a1H
2 −
3
2
µ2
b
, (25)
ρT =
3
2
µ2
b
+ 3µH2, (26)
H˙ = − (1 + wM)
(
3
4
µ2
a1b
+
3
2
H2
)
. (27)
For the numerical calculation, we rescale the parameters as follows:
m2 = ρ(0)m /3a0 , a˜0 = a0/m
2b, a˜1 = −a1/m
2b,
t˜ = m · t, µ˜ = a˜1 − a˜0, H˜
2 = H2/m2, R˜ = R/m2, (28)
where ρ
(0)
m is the matter density at z = 0 and the scalar affine curvature is a constant
R˜ = 6µ˜ > 0. From (25), (26) and (27), we obtain the following dimensionless equations,
H˜2 =
a˜0
a˜1
(
a−3 + χa−4
)
+
µ˜2
2a˜1
, (29)
ρT
ρ
(0)
m
=
µ˜2
2a˜0
−
µ˜
a˜0
H˜2, (30)
H˜H˜ ′ = (1 + wM)
(
3
4
µ˜2
a˜1
−
3
2
H˜2
)
, (31)
where the prime “′′′ stands for d/d lna and χ = ρ
(0)
r /ρ
(0)
m . Using (20), (23) and (30), we find
that
wT = −1 −
ρ˙T
3HρT
= −1 −
4
3
˙˜H
2H˜2 − µ˜
. (32)
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Figure 1. Evolutions of (a) the energy density ratio Ω and (b) the torsion EoS wT with Ω
(0)
m =
27.5%, where the solid (black), dashed (blue), and dotted-dashed (red) lines stand for torsion,
matter and radiation, respectively.
From (29)-(32), it is easy to see that the evolution of ρT is automatically determined
without solving any differential equation for given values of a˜0 and a˜1. The numerical
results of this special case are shown in Fig 1, where we have chosen a˜0 = 76, a˜1 = 100
and χ = 3.07 × 10−4 in corresponding to Ω
(0)
m = H˜
−2
z=0 ≃ 27.5%. In Fig. 1a, we plot the
energy density ratios of torsion, matter and radiation, ΩT , Ωm and Ωr, respectively. Notice
that ρT depends on the parameters a˜0 and a˜1, and there exists a late-time de-Sitter solution
when H˜2 = µ˜2/2a˜1. In the high redshift regime, in which H˜
2 ≫ µ˜, µ˜2/a˜1, we observe that
the torsion density ratio ΩT is a constant which can also be estimated from (25) and (26),
namely
ρM
ρT
=
3a˜1H˜
2 − 3µ˜2/2
3µ˜2/2− 3µ˜H˜2
≃ −
a˜1
µ˜
, (33)
which manifests itself a negative constant. In Fig. 1b, we show that the torsion EoS wT acts
as matter wm = 0 and radiation wr = 1/3 in the matter-dominant (ρm ≫ ρr) and radiation-
dominant (ρr ≫ ρm) stages, respectively, which are interesting asymptotic behaviors. We
also observe that in the low redshift regime of log a ≃ 0, wT is smaller than unity, indicating
the existence of a late-time acceleration epoch.
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B. Normal Case
The normal case here denotes the positive definiteness of both kinetic energy and matter
density, i.e, the parameters a0, a1 and b are subject to the condition (3). It is also convenient
to rescale the parameters such that
a˜0 = a0/m
2b, a˜1 = a1/m
2b, t˜ = t ·m, µ˜ = a˜0 + a˜1,
H˜2 = H2/m2, Φ˜ = Φ/m, R˜ = R/m2, (34)
where m2 = ρ
(0)
m /3a0. Using the above rescaling parameters, (11) - (13) and (16) are then
rewritten as
H˜H˜ ′ =
µ˜
6a˜1
R˜−
a˜0
2a˜1
a−3 − 2H˜2, (35)
H˜Φ˜′ =
a˜0
2a˜1
(
R˜− 3a−3
)
− 3H˜Φ˜ +
1
3
Φ˜2, (36)
H˜R˜′ = −
2
3
(
R˜ + 6µ˜
)
Φ˜, (37)
1
18
(
R˜ + 6µ˜
)(
3H˜ − Φ˜
)
−
R˜2
24
− 3a˜1H˜
2 = 3a˜0
(
a−3 + χa−4
)
, (38)
where we have used
em
T = 3PM − ρM = −ρm = −3a0m
2a−3 due to wr = pr/ρr = 1/3 and
wm = pm/ρm = 0. From (23) and (35)-(38), we have
wT =
1
3
µ˜
(
R˜ − R¯/m2
)
3µ˜H˜2 −
(
R˜ + 6µ˜
)(
3H˜ − Φ˜
)2
/18 + R˜2/24
+
1
3
. (39)
To perform the numerical computations, we need to specify two parameters: a˜0 and a˜1,
along with two initial conditions: R˜ and H˜ . Thus, the initial condition for Φ˜ is automatically
determined by (38). The numerical results are shown in Fig. 2, where the initial conditions
at z = 0 are set as (a˜0, a˜1, R˜0, H˜0) = (2, 1, 14, 2), (2, 1, 13, 2), (3, 1, 8, 2) for solid, dot-dashed,
and dashed lines, respectively. Note that χ = 3.07 × 10−4 originates from the WMAP-5
data, and H˜ = 2 corresponds to Ω
(0)
m = H˜
−2
0 = 0.25.
In Fig. 2a, we show the evolution of the density ratio, ΩT = ρT/ρc, as a function of the
redshift z. The figure demonstrates that the torsion density ρT dominates the universe in the
high redshift regime (z ≫ 1) with the general parameter and initial condition selection, while
the matter-dominated regime is reached only within a very short time interval. In Fig. 2b,
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Figure 2. Evolutions of (a) the energy density ratio ΩT and (b) the torsion EoS wT in the universe
as functions of the redshift z with Ω
(0)
m = 25% and χ = 3.07×10−4, where the solid, dotted-dashed
and dashed lines correspond to (a˜0, a˜1, R˜0, H˜0) = (2, 1, 14, 2), (2, 1, 13, 2), (3, 1, 8, 2), respectively.
we show that wT has an asymptotic behavior at the high redshift regime, i.e. wz≫0 → 1/3.
Moreover, in the low redshift regime, it may even have a phantom crossing behavior, i.e., the
torsion EoS could cross the phantom divide line of wT = −1. As a result, the scalar-torsion
mode is able to account for the late-time accelerating universe. Finally, we remark that the
studies in Refs. [14, 18] only indicated an oscillating behavior without the asymptotic one
above for the torsion density.
IV. CONCLUSIONS
We have studied the torsion EoS of the two cases of the scalar-torsion mode in PGT of
gravity, which are suitable for explaining the late-time accelerating universe but each of them
possesses a quite different cosmological behavior in the high redshift regime. For the first
case, which violates the positive kinetic energy and has a constant affine curvature R, the
torsion EoS has asymptotic behaviors: wT = 1/3 in the radiation-dominated stage, wT = 0
in the matter-dominated stage, and finally a late-time de-Sitter solution corresponding to
wT = −1. The torsion density ratio of ΩT in the high redshift regime is a “negative”
constant. For the second one, which has the positive kinetic energy, under the general
selection of parameters and initial conditions, the torsion EoS still shows an asymptotic
behavior, w = 1/3, in the high redshift regime, while it could cross the phantom divide line
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in the low redshift regime. The most confusing phenomenon in this spin 0+ scalar-torsion
cosmology is that the universe is dominated by torsion in the high redshift regime even
though there exists a narrow window for the matter-dominated epoch.
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